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We use the compact harmonic general solutions of transversely isotropic thermoelastic materials to construct the three-
dimensional fundamental solutions for a steady point heat source in an inﬁnite transversely isotropic thermoelastic mate-
rial and a steady point heat source on the surface of a semi-inﬁnite transversely isotropic thermoelastic material by three
newly introduced harmonic functions, respectively. All components of coupled ﬁeld are expressed in terms of elementary
functions and are convenient to use. Numerical results for hexagonal zinc are given graphically by contours.
 2007 Elsevier Ltd. All rights reserved.
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Fundamental solutions or Green’s functions play an important role in both applied and theoretical studies
on the physics of solids. They are foundations of a lot of further works. For example, fundamental solutions
can be used to construct many analytical solutions of practical problems when boundary conditions are
imposed. They are essential in the boundary element method as well as the study of cracks, defects and
inclusions.
For isotropic materials, there is well-known closed-form Kelvin fundamental solution (Banerjee and But-
terﬁeld, 1981). The ﬁrst fundamental solution for transversely isotropic materials was given by Lifshitz and
Rozentsveig (1947) using the Fourier transform method. Elliott (1948) gave the displacements due to a point
force acting normal to the plane of isotropy. Kroner (1953) obtained explicit formulae for the displacements
caused by unit force acting at the origin and parallel to the Cartesian coordinate axes. Willis (1965) obtained
an expression for the fundamental solution. Sveklo (1969) solved the problem of a point force normal to the
plane of isotropy using a complex method. Lejcek (1969) completed the work of Lifshitz and Rozentsveig0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.08.024
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P.-F. Hou et al. / International Journal of Solids and Structures 45 (2008) 392–408 393(1947). Pan and Chou (1976) gave the fundamental solution in compact form. The thermal eﬀects have not
been considered in all the above works.
Sharma (1958) gave the fundamental solution of transversely isotropic thermoelastic materials in an inte-
gral form. Yu et al. (1992) gave the Green’s function for a point heat source in two-phase isotropic thermo-
elastic materials. Recently, Chen et al. (2004) derived a compact three-dimensional general solution for
transversely isotropic thermoelastic materials. In this general solution, all components of thermoelastic ﬁeld
are expressed by three harmonic functions.
In this paper, three-dimensional fundamental solutions for a steady point heat source in an inﬁnite
transversely isotropic thermoelastic material and a steady point heat source on the surface of a semi-inﬁnite
transversely isotropic thermoelastic material are investigated. For completeness, the general solution of
Chen et al. (2004) is described in Section 2. In Sections 3 and 4, three new suitable harmonic functions
are constructed for inﬁnite and semi-inﬁnite thermoelastic materials, respectively, in the form of elementary
functions with undetermined constants by trial-and-error. The corresponding thermoelastic ﬁelds can be
obtained by substituting these functions into the general solution. The undetermined constants for inﬁnite
thermoelastic material can be obtained by continuous conditions on plane z = 0 and the equilibrium con-
ditions of a cylinder within a1 6 z 6 a2 (a1 < 0 < a2) and 0 6 r 6 b, and the undetermined constants for
semi-inﬁnite thermoelastic material can be obtained by the boundary conditions on surface z = 0 and
the equilibrium conditions of a cylinder within 0 6 z 6 a and 0 6 r 6 b, where a, a1, a2 and b are arbitrary
but should include the point source point. Numerical examples are presented in Section 5. All stress com-
ponents and temperature increment are shown in the form of contours. Finally, the paper is concluded in
Section 6.2. General solutions for transversely isotropic thermoelastic materials
When the xy-plane is parallel to the plane of isotropy in Cartesian coordinates (x,y,z), the constitutive rela-
tions of transversely isotropic thermoelastic materials arerx ¼ c11 ouox þ c12
ov
oy
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;
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; ð1Þwhere u, v and w are components of the mechanical displacement in x-, y- and z-directions, respectively; rij and
h are the stress components and temperature increment, respectively; and cij and kii are elastic and thermal
modules, respectively. The relation c66 = (c11  c12)/2 holds for materials with transverse isotropy.
In the absence of body forces, the mechanical and heat equilibrium equations areorx
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þ osxy
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þ oszx
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¼ 0;
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¼ 0; ð2bÞwhere bii (i = 1,3) are coeﬃcients of heat conduction.
Chen et al. (2004) derived a compact general solution to Eqs. (1) and (2) as follows:
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; ð3bÞwhere the following notations for all components both in Cartesian coordinates (x,y,z) and cylindrical coor-
dinates (r,/,z) are introducedU ¼ uþ iv ¼ ei/ður þ iu/Þ;
r1 ¼ rx þ ry ¼ rr þ r/;
r2 ¼ rx  ry þ 2isxy ¼ e2i/ðrr  r/ þ 2isr/Þ;
sz ¼ sxz þ isyz ¼ ei/ðszr þ is/zÞ: ð4Þzj = sjz (j = 0,1,2,3), s0 ¼
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and sj (j = 1,2) satisfying Re(sj) > 0 are the two eigenvalues
of the fourth degree polynomial listed in Appendix A. Functions wj(j = 0,1,2,3) satisfy, respectively, the fol-
lowing harmonic equations:Dþ o
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in cylindrical coordinates ðr;/; zÞ: ð6bÞIn additions,xj ¼ c44ð1þ k1jÞ ¼ c13 þ c33k1js2j  k33k2j ¼
c11  c13k1js2j þ k11k2j
s2j
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: ð7Þwhere kmj (m = 1,2; j = 1,2,3) are constants listed in Appendix A. It should be noted that the general solutions
given in Eq. (3) are only valid for the case when the eigenvalues sj (j = 1,2,3) are distinct.
For non-torsional axisymmetric problem, w0 = 0 and wj (j = 1,2,3) are independent of /, so that u/ = 0
and s/z = sr/ = 0. The general solution in cylindrical coordinates (r,/,z) can be simpliﬁed to the following
form:
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h = 0 and rr = r/ = rz = srz = 0. The general solution can be simpliﬁed to the following form:u/ ¼  ow0or ; sr/ ¼ 2c66
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: ð9ÞAll the above general solutions (3) and (8) will be used in Section 3 and Appendixes B and C.3. Solution for a point heat source in an inﬁnite transversely isotropic thermoelastic material
Consider an inﬁnite transversely isotropic thermoelastic material whose isotropic plane is perpendicular to
the z-axis. A point heat source H is applied at the origin of cylindrical coordinate (r,/,z) or Cartesian coor-
dinate (x,y,z) (Fig. 1). Based on the general solution (8), the coupled ﬁeld in this inﬁnite thermoelastic mate-
rials is derived in this section.
This is a non-torsional axisymmetric problem. Assume the harmonic functions as follows:w0 ¼ 0; wj ¼ Aj signðzÞzj lnRj  Rj
h i
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Fig. 1. An inﬁnite thermoelastic material applied by a point heat source H.
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Then Aj ðj ¼ 1; 2Þ can be determined by combining Eqs. (13), (16) and (24) as follows:A1
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: ð25ÞThus the coupled ﬁeld in inﬁnite transversely isotropic thermoelastic materials is determined by Eqs. (12), (24)
and (25).
4. Solution for a point heat source on the surface of a semi-inﬁnite transversely isotropic thermoelastic material
Consider a semi-inﬁnite transversely isotropic thermoelastic material zP 0 whose isotropic plane is perpen-
dicular to the z-axis (Fig. 2). A point heat source H is applied at the origin of the cylindrical coordinate (r,/,z)
and the surface (z = 0) is free and thermally isolated. Based on the general solution (8), the coupled ﬁeld in the
semi-inﬁnite thermoelastic material is derived in this section.
This is also a non-torsional axisymmetric problem. The boundary conditions on the surface (z = 0) are in
the form ofz
x
H b
a
y r
φ
Fig. 2. A point heat source H on the surface of a semi-inﬁnite thermoelastic material.
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When the mechanical and thermal equilibriums for a cylinder of 0 6 z 6 a and 0 6 r 6 b are considered
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Thus, the coupled ﬁeld in the semi-inﬁnite transversely isotropic thermoelastic material is determined by Eqs.
(29)–(31) and (38).
Concerning the problems of point forces Px, Py, Pz in x-, y-, z-directions, one can ﬁnd the foundational Eqs.
(1) and (2) are single-direction coupling, i.e. the thermal loading can change elastic ﬁeld, while on the contrary,
the mechanical loadings cannot change thermal ﬁeld (h = 0), so the corresponding solutions under mechanical
loadings degenerate to those when thermal eﬀects are not considered, such as Pan and Chou (1976). The cor-
responding solutions under point forces are listed in Appendices A and B for inﬁnite and semi-inﬁnite trans-
versely isotropic thermoelastic materials, respectively.
5. Numerical results
Having derived the solutions above, we now present some numerical results. Before using our formalism,
we ﬁrst checked the present solution (PS) with the numerical results of ﬁnite element method (FEM) in Figs. 3
and 4. Then, the contours of temperature increment and all stress components in a transversely isotropic ther-
moelastic material are evaluated and plotted in Figs. 5–14.
For these, the coupled ﬁelds in the inﬁnite and semi-inﬁnite transversely isotropic thermoelastic materials
induced by a point heat source H acting at origin are considered. The material properties listed in Table 1 are
taken from hexagonal zinc (Sharma and Sharma, 2002). In addition, the following non-dimensional compo-
nents are used:(a) Infinite body (b) Semi-infinite body 
ξ
ζ
o ξ
ζ
o6060
60−
60
60 60
60
Fig. 3. Finite rectangle taken for FEM.
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Fig. 4. Comparison between the results of the present solution (PS) with those of ﬁnite element method (FEM) within 0 6 n 6 6 and f = 1
in an inﬁnite (IF) and a semi-inﬁnite (SF) thermoelastic material.
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Fig. 5. Contours of non-dimensional temperature increment # · 102 in an inﬁnite thermoelastic material under point heat source d = 1
acted at origin.
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Fig. 6. Contours of non-dimensional stress rn · 102 in an inﬁnite thermoelastic material under point heat source d = 1 acted at origin.
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As shown in Fig. 3, ﬁnite rectangles are taken for axisymmetric FEM to calculate the coupled ﬁelds in inﬁ-
nite and semi-inﬁnite thermoelastic materials. For inﬁnite body (Fig. 3a), traction free and zero temperature
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Fig. 7. Contours of non-dimensional stress r1 · 102 in an inﬁnite thermoelastic material under point heat source d = 1 acted at origin.
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Fig. 8. Contours of non-dimensional stress rf · 102 in an inﬁnite thermoelastic material under point heat source d = 1 acted at origin.
402 P.-F. Hou et al. / International Journal of Solids and Structures 45 (2008) 392–408increment are on the boundaries n = 60 and f = ±60. For semi-inﬁnite body (Fig. 3b), traction free and zero
temperature increment are on the boundaries n = 60 and f = 60. In addition, traction free and zero heat ﬂux
(thermally isolated) are on the surface f = 0. Four thousand and two thousand quadrilateral isoparametric
elements are meshed for inﬁnite body and semi-inﬁnite body, respectively. The meshes are reﬁned near origin
at which the point heat source is located. From Fig. 4, one can ﬁnd that the results obtained by two methods
are in good agreement.
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Fig. 9. Contours of non-dimensional stress sfn · 102 in an inﬁnite thermoelastic material under point heat source d = 1 acted at origin.
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Fig. 10. Contours of non-dimensional temperature increment # · 102 in a semi-inﬁnite thermoelastic material under point heat source
d = 1 acted at origin.
P.-F. Hou et al. / International Journal of Solids and Structures 45 (2008) 392–408 403On the basis of the contours plotted, one can ﬁnd that all components are singular at origin at which the
point heat source is located. In addition, the following conclusions can be drawn:
(1) Figs. 5 and 10 show that the contours of temperature increment #(h) in inﬁnite and semi-inﬁnite ther-
moelastic materials is all normal circle. This is because the heat conduction coeﬃcients b11 and b33 along
r- and z-axes, respectively, are equal for hexagonal zinc.
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Fig. 11. Contours of non-dimensional stress rn · 102 in a semi-inﬁnite thermoelastic material under point heat source d = 1 acted at
origin.
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Fig. 12. Contours of non-dimensional stress r1 · 102 in a semi-inﬁnite thermoelastic material under point heat source d = 1 acted at origin.
404 P.-F. Hou et al. / International Journal of Solids and Structures 45 (2008) 392–408(2) Figs. 6–8 show stresses rn(rr), r1(r/) and rf(rz) are negative at every point in inﬁnite thermoelastic mate-
rial. Figs. 11–13 show only stress rn(rr) is negative at every point in semi-inﬁnite thermoelastic material.
There are zero common tangents for stresses r1(r/) and rf(rz) in semi-inﬁnite thermoelastic materials,
and both of them are positive upon the zero common tangents and negative below them.
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Fig. 13. Contours of non-dimensional stress rf · 102 in a semi-inﬁnite thermoelastic material under point heat source d = 1 acted at origin.
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Fig. 14. Contours of non-dimensional stress sfn · 102 in a semi-inﬁnite thermoelastic material under point heat source d = 1 acted at
origin.
P.-F. Hou et al. / International Journal of Solids and Structures 45 (2008) 392–408 405(3) Figs. 9 and 14 show that there are zero common tangents for shear stress szr(sfn) in both inﬁnite and
semi-inﬁnite thermoelastic materials, respectively. One can also ﬁnd that stresses rf(rz) and szr(sfn) tend
to zero near the surface of semi-inﬁnite thermoelastic material and satisfy the boundary conditions.
Table 1
Material properties of hexagonal zinc (Sharma and Sharma, 2002)
Elastic constants (·109 N m2)
c11 c12 c13 c33 c44
162.8 50.8 36.2 62.7 38.5
Thermal moduli (·105 N K1 m2) Heat conduction coeﬃcients (W K1 m1) Thermal expansion coeﬃcient (·106 K1)
k11 k33 b11 b33 ar az
17.9839 13.8367 124 124 5.818 15.35
406 P.-F. Hou et al. / International Journal of Solids and Structures 45 (2008) 392–4086. Conclusions
By virtue of the compact general solution of Chen et al. (2004), six harmonic functions wj (j = 1,2,3) in Eqs.
(10) and (27) are constructed and the corresponding coupled ﬁelds for a point heat source acted in an inﬁnite
transversely isotropic thermoelastic material or on the surface of a semi-inﬁnite transversely isotropic thermo-
elastic material are obtained. For the sake of concise expressions and convenient derivations, the point heat
source is acted at origin in this paper. The solution in the case of point heat source acted at arbitrary point in
inﬁnite thermoelastic material or on the surface of thermoelastic material can be easily generalized from the
obtained solutions by coordination parallel transform. Because the obtained solution is in terms of elementary
functions, it is very convenient to use. Typical numerical examples are presented. In addition, the corresponding
solutions under point forces are listed in Appendices A and B for inﬁnite and semi-inﬁnite transversely isotropic
thermoelasticmaterials, respectively. All formulations in this paper had been checked by the general symbol soft.
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Appendix A. Eigenvalues and constants in general solutions
A.1. Eigenvalues in general solution
The sixth degree polynomial to determine the three eigenvalues sj (j = 1,2) isa0s4  b0s2 þ c0 ¼ 0; ðA:1Þ
wherea0 ¼ c33c44; b0 ¼ c11c33 þ c244  ðc13 þ c44Þ2; c0 ¼ c11c44: ðA:2ÞA.2. Constants kmj in general solution
kmj (m = 1,2; j = 1,2,3) in Eq. (7) are deﬁned as follows:k1j ¼ 
a2  b2s2j
a1  b1s2j
; k21 ¼ k22 ¼ 0; k23 ¼ a0s
4
3  b0s23 þ c0
a1  b1s23
; ðA:3Þwhere a0, b0 and c0 are deﬁned in (A.2), anda1 ¼ k11c44; b1 ¼ k33ðc13 þ c44Þ  k11c33;
a2 ¼ k33c11  k11ðc13 þ c44Þ; b2 ¼ k33c44: ðA:4Þ
P.-F. Hou et al. / International Journal of Solids and Structures 45 (2008) 392–408 407Appendix B. Solutions for mechanical point loadings in an inﬁnite transversely isotropic thermoelastic material
B.1. Solution to the problem of point force Pz
This is also a non-torsional axisymmetric problem. Introduce the following harmonic functions:w0 ¼ w3 ¼ 0; wj ¼ Cj signðzÞ lnRj ðj ¼ 1; 2Þ; ðB:1Þwhere Rj is deﬁned in Eq. (11) and Cj (j = 1,2) are constants to be determined byX2
j¼1
Cj ¼ 0; ðB:2Þ
X2
j¼1
xjCj ¼ P z
4p
: ðB:3ÞB.2. Solution to the problem of point force Px
This is not an axisymmetric problem and general solution (3) should be used. Introduce the following har-
monic functions:w0 ¼
D0r sin/
R0
¼ D0y
R0
; wj ¼
Djr cos/
Rj
¼ Djx
Rj
ðj ¼ 1; 2Þ; w3 ¼ 0: ðB:4Þwhere Rj is deﬁned in Eq. (11) and Dj ðj ¼ 0; 1; 2Þ are constants to be determined by
X2
j¼1
sjk1jDj ¼ 0; ðB:5Þ
s0D0 þ
X2
j¼1
sjDj ¼ 0; ðB:6Þ
 s0D0 þ
X2
j¼1
sjDj ¼ Px
2pc44
: ðB:7ÞThe solution for concentrated force Py isw0 ¼
E0r cos/
R0
¼ E0y
R0
; wj ¼
Ejr sin/
Rj
¼ Ejx
Rj
ðj ¼ 1; 2Þ; w4 ¼ 0; ðB:8Þwhere Ej ðj ¼ 0; 1; 2Þ are constants to be determined.Appendix C. Solutions for mechanical point loadings on the surface of a semi-inﬁnite transversely isotropic
thermoelastic material
C.1. Solution to the problem of point force Pz
This is also a non-torsional axisymmetric problem. Introduce the following harmonic functions:w0 ¼ w3 ¼ 0; wj ¼ F j lnR#j ðj ¼ 1; 2Þ; ðC:1Þwhere R#j is deﬁned in Eq. (28) and F j ðj ¼ 1; 2Þ are constants to be determined by
408 P.-F. Hou et al. / International Journal of Solids and Structures 45 (2008) 392–408X2
j¼1
sjxjF j ¼ 0; ðC:2Þ
X2
j¼1
xjF j ¼ P z
2p
; ðC:3ÞC.2. Solution to the problem of concentrated force Px
This is not an axisymmetric problem and general solution (3) should be used. Introduce the following har-
monic functions:w0 ¼
G0r sin/
R#0
¼ G0y
R#0
; wj ¼
Gjr cos/
R#j
¼ Gjx
R#j
ðj ¼ 1; 2Þ; w3 ¼ 0; ðC:4Þwhere R#j is deﬁned in Eq. (28) and Gj ðj ¼ 0; 1; 2Þ are constants to be determined byc44s0G0 þ
X2
j¼1
sjxjGj ¼ 0; ðC:5Þ
X2
j¼1
xjGj ¼ 0; ðC:6Þ
 c44s0G0 þ
X2
j¼1
sjxjGj ¼ Pxp : ðC:7ÞThe solution for concentrated force Py isw0 ¼
H0r cos/
R#0
¼ H0x
R#0
; wj ¼
Hjr sin/
R#j
¼ Hjy
R#j
ðj ¼ 1; 2Þ; w3 ¼ 0; ðC:8Þwhere Hj ðj ¼ 0; 1; 2Þ are constants to be determined.
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